An input-output pollution control model is provided. It describes the flow of pollutants through all sectors of the economy. It allows each sector to evaluate the level of pollutants generated by different manufacturing processes simultaneously, and to select and produce a product that emits pollutants within some permissible limits. For a given amount of pollutants emitted by a sector, a method for computing the corresponding number of items to be produced by that sector is provided.
Introduction
Input-Output (I-O) techniques, developed by Leontief in the 1930's, describe the inter-relationship among different sectors of the economy. Its areas of applications are manifold. Leontief (1985) used the model to address issues relating to the choice of technology. Ebiefung and Kostreva (1993; 2003) generalized the model and applied it to the problem of choice of technology, production equilibrium point, and showed equivalence to a vertical linear complementarity problem.
The use of I-O techniques to address environmental issues dates back to the 1960's. Examples of the use of I-O techniques to address environmental problems have been demonstrated by Daly (1968) , Leontief (1970) , Leontief and Daniel Ford (1972) and Victor (1972a; 1972b) . Some recent developments in the use of input-output techniques to address environmental issues involve augmentation or modification of earlier models. These have been revealed in the studies by Steenge (1999) and Moore (1981) . The monographs by Miller and Blair (1985) and Raa (1995) give excellent summaries of applications of the input-output techniques that address environmental issues.
We are motivated for this study by the following observations. The production of one unit of an item leads to emission of pollutants into the environment. The amount and type of pollutants emitted vary according to goods and technology. Suppose k products satisfy all the criteria for production required by a sector of the economy. If the sector can only produce one of these k items, it makes sense to select and manufacture one whose pollutants' emission is not above some specified limit. In this paper, we provide an input-output pollution model that each sector of the economy can use to select and produce an item that meets specified pollution standard. This model uses only pollution input-output "technology matrix", while many other models use both pollution input-output technology matrix and production input-output technology matrix. The validity of this model is demonstrated by using it to solve an example equivalent to that of Leontief (1970) .
The structure of the rest of the paper is as follows. In Section 2, the I-O pollution model is formulated. In Section 3, we provide conditions for existence of solutions for the new pollution model. In Section 4, we provide a technique for computing production quantities. Concluding remarks are given in Section 5.
The Input-Output Pollution Model
We start with the following notation.
Constants:
n = number of sectors in the economy. m j = number of different types of products that sector j can produce, j = 1, ..., n. x j = amount of pollutants to be produced by sector j, j = 1, ..., n. b j = amount of pollutants that sector j should produce in order to satisfy external demands, j = 1, ..., n. a j ik = output of pollutants by product i in sector j needed by sector k to produce one unit of its pollutants, i = 1, . . . , m j , j, k = 1, . . . , n.
Matrices:
.., n. E j = an m j × n matrix with 1s in column j and zeros in all other columns.
If we set
The matrix A j represents the pollution matrix for sector j, and A the pollution matrix for the whole economy.
The I-O Pollution Model (IOPM):
Given the input-output pollution coefficient matrix A and the amount of pollutants q required by all sectors of the economy to meet external demands, find x, the amount of pollutants to be produced by all sectors of the economy so that
The product chosen for production by sector j is one whose row satisfies Equations (3-5). If many rows from sector j satisfy Equations (3-5), then sector j can produce any of those products, the selection of which may depend on other considerations.
Remark The case of m j = 1, j = 1, ..., n, assumes that each sector produces only one product, which may be an aggregate value as is usually assumed in some input-output models. In this case, E = I, the n × n identity matrix, A is a square matrix of size n, and q is a column vector of n components.
Existence of Solutions and Solvability of the I-O Pollution Model
We start with definitions.
The number of representative sub-matrices is n j=1 m j . Definition 2 An m × n matrix N, with m ≥ n, is called a vertical block Θ-matrix if each representative sub-matrix of N is a square Θ-matrix. Since A ≥ 0, the matrix E − A is a vertical block Z-matrix (Horn & Johnson, 1991) .
Notation If A is an m × n matrix, we will use A j to denote row j of A.
Algorithm
Step 1: Let M be a representative sub-matrix of E − A. Letq be a column vector with n components obtained from q such that row j ofq corresponds to row j of M.
Step 2: Solve the linear system:
Step 3: If the system in Step 2 has a solutionx, thenx solves the pollution model. If for all M, the system in Step 2 has no solution, then the pollution model is infeasible. 
Define the row vectors
Then M is a representative sub-matrix of E − A andx satisfies Mx =q,x ≥ 0 as required.
Conversely, suppose that there exists a representative sub-matrix M, a vectorq defined from q so as to conform to the rows of M, and a vectorx ≥ 0 such that Mx =q. Then there is an index α j , 1 ≤ α j ≤ m j , such that
.., n, by the definition of a representative sub-matrix. Thus given A j and q j there exists anx such that
.., n, x ≥ 0 for some index α j ∈ {1, ..., m j }. This completes the proof.
The product selected by sector j for production is one whose pollution equation corresponds to row j of M. The next theorem gives a condition under which the IOPM has a solution.
Theorem 2 The systems (3-5) have a solution if there exists a vectorx
Proof. Suppose that such a vectorx ≥ 0 exists. Lets be a column vector of 1s with n components. Letȳ =x + εs, ε > 0. Thenȳ > 0 and
for sufficiently small ε.
From Equation (7), we have that Mȳ > 0 for each representative sub-matrix E − A of M. Since E − A is a vertical block Z-matrix, M is a square Z-matrix. By (Horn & Johnson, 1991) , we have that M is invertible and that M −1 ≥ 0. Thus, if (E − A)x > 0 for somex ≥ 0, the IOPM has a solution given byȳ = M −1q ≥ 0 as determined in Step 2 of the Algorithm. This completes the proof.
The following is an example that Leontief used to illustrate his model. We demonstrate the validity of our model by using the same example, but in pollution technology matrix format.
Example 1 (Leontief, 1970; 1986) Define the production variables x 1 and x 2 by x 1 = total amount of pollutants produced by the agricultural sector x 2 = total amount of pollutants produced by the manufacturing sector By substituting the data from Table 2 into Equations (3-5), we obtain
The solution to this system of linear equation is x 1 = 50 grams and x 2 = 10 grams, as expected. That is, the two sectors produce 60 grams of solid pollutants as Leontief showed in his example. Observe that Table 1 is the  Leontief model while Table 2 corresponds to the new formulation.
Example 2 Application to the choice of products
The choice of technology models given in Ebiefung (1998; 2010) can be used to select products for production. The model formulated in this paper can also be used to select products as illustrated in this example.
Consider an economy consisting of two sectors: agricultural and manufacturing. Suppose that these products have made all production criteria set by the sectors. We want to find the product that each sector should select for production in order to meet both internal and external demands as well as satisfy pollution emission requirement.
Using the notation of the Algorithm, we define the following representative sub-matrices and the corresponding vectors. A 4 = 0.240 1.500 0.055 0.140 , q 1 = q 2 = q 3 = q 4 = 27.5 6.0 .
Solving the systems in
Step 2 of the Algorithm, we obtain the following solutions in Table 3 . From Table 3 , we see that the solution in column 2 satisfies the allowed pollutants limits. The sectors can decide to produce wheat and cloth (column 2) or wheat and shoes (column 3) depending on other criteria, which could include political considerations.
In Example 2, we assumed that the technologies used for the production of wheat and sugar produce the same amount of pollutants. This is only for convenience. The analysis will be true when pollutant levels are different. The same observation applies to the manufacturing sector.
Computing Production Quantities
The amount of pollutants produced determines the quantity of products to be manufactured by sector j. It is important for the sectors to translate pollutant quantities into production quantities.
For each j, let u j = output of pollutants per unit output of product i that sector j has selected for production. Assume that u j > 0.
L j = total number of units of product i that sector j has decided to produce.
Theorem 3
The total amount of goods to be produced by sector j is
where j = 1, ..., n, i ∈ {1, ..., m j }, and all other quantities are as defined before.
Proof. Since a j ik is the units of pollutants by product i from sector j needed by sector k to produce one unit of its pollutants, the quantity a j ik x k is the amount of pollutants by product i produced by sector j in order to satisfy the needs of sector k. Therefore, the quantity a
is the number of units of product i produced by sector j for sector k. The sum , i ∈ {1, ..., m j }, is the amount of pollutants used to satisfy external demand, the total amount of product i from sector j is
This completes the proof.
Let y j be the amount of goods to be produced by sector j. If we define a diagonal matrix U and a column vector y by
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where R is a representative sub-matrix of A with rows corresponding to the rows of the products to be produced.
We now illustrate the use of Equation (9 Hence, y = URx + Uq = (100, 50).
Thus the agricultural sector should produce 100 bushel of wheat, and the manufacturing sector should produce 50 yards of cloth. These results are the same as those obtained by Leontief (1970; 1986) as shown in Example 1.
Conclusion
A mathematical model that describes the flow of pollutants among different sectors of the economy is presented. It can be used to control the generation of industrial pollution in the sense that one cannot produce above an allowed pollution level. The system selects an optimal combination of products that the economy should produce in order to satisfy most demands and meet pollution emission requirements simultaneously. Conditions for existence of solutions and an algorithm for solving the model are provided.
Example 1 shows that the model is equivalent to the Leontief production model in the sense that it can be converted into the Leontief production model and versa. We use Example 2 to show an application of the model to product selection that meets specified pollution limits. For a given computed pollutant level, a technique for computing the corresponding production quantities is provided.
